Attenuation in seismic wave propagation is a common cause for poor illumination of subsurface structures. Attempts to compensate for amplitude loss in seismic images by amplifying the wavefield may boost high-frequency components and create undesirable imaging artifacts. In this paper, rather than amplifying the wavefield directly, we develop a stable compensation operator using smooth division. The operator relies on a constant-Q wave equation with decoupled fractional Laplacians, and compensates for the full attenuation phenomena by performing wave extrapolation twice. This leads to two new imaging conditions to compensate for attenuation in reversetime migration (RTM). A time-dependent imaging condition is derived by applying Q-compensation at each time step, while a time-independent imaging condition is formed in the image space by calculating image normalization weights. Synthetic examples demonstrate an improved illumination of seismic images by applying the proposed method.
INTRODUCTION
Seismic attenuation is caused by the anelastic behavior of the Earth (Aki and Richards, 2002; Carcione, 2007) . Some prospective hydrocarbon reservoirs, such as shales and unconsolidated gas-sandstones, exhibit strong attenuation described by a small quality factor Q. Attenuated seismic data suffer from amplitude and phase distortions, which may lead to poor illumination and misplacement of reflectors in a migrated image. Multiple efforts have been made to compensate for these effects. The earliest attempts involve inverse Q-filtering in the data domain (Bickel and Natarajan, 1985; Hargreaves and Calvert, 1991; Wang, 2002) . These methods can only partially correct for attenuation due to their 1-D Q model assumption. More accurate attenuation compensation can be performed during prestack depth migration, for example, ray-based methods (Xin et al., 2008; Xie et al., 2009 ) and one-way wave-equation migration (Dai and West, 1994; Mittet et al., 1995; Yu et al., 2002; Zhang and Wapenaar, 2002; Mittet, 2007; Wang, 2008; Valenciano et al., 2011; Zhang et al., 2013; Shen et al., 2014) .
In the context of reverse-time migration (RTM), Zhang et al. (2010) proposed a viscoacoustic wave equation involving a pseudo-differential operator based on the constant-Q model (Kjartansson, 1979) with decoupled effects of amplitude loss and velocity dispersion. Since seismic energy increases with frequency during backward propagation, Zhang et al. (2010) introduced a regularization process to avoid numerical instability. Suh et al. (2012) extended the operator to VTI media. Bai et al. (2013) adopted a similar approach for attenuation compensation in RTM, but used a viscoacoustic wave equation without memory variables. Zhu and Harris (2014) proposed a new constant-Q viscoacoustic wave equation with decoupled fractional Laplacians, with separate terms accounting for amplitude loss and velocity dispersion, which is further applied for Q-compensated RTM using both synthetic and field data (Zhu et al., 2014; Zhu and Harris, 2015) . All these approaches tend to boost high-frequency components of the wavefield, and therefore rely on low-pass filtering to stabilize the wave extrapolation process. However, removing the high-frequency components of the wavefield may introduce inaccuracy and artifacts to the final image.
To avoid the difficulty of stabilizing the wave propagation, Fletcher et al. (2012) proposed to design separate amplitude and phase filters calculated from running an acoustic wave extrapolation twice. The filters are then applied to source and receiver wavefields before imaging to obtain a Q-compensated image. The filtering approach is based on attenuated traveltimes along wavepaths, and therefore may not completely handle multipathing or large variations in the Q model. Alternatively, Dutta and Schuster (2014) and Sun et al. (2014) adopted a least-squares RTM (LSRTM) approach to iteratively compensate for attenuation. LSRTM generally can achieve highly accurate results without instability issues, but at the cost of multiple RTMs.
In this paper, we develop a compensation operator that corrects for both amplitude loss and velocity dispersion in a stable manner. When applied to reverse-time migration (RTM), it leads to two kinds of Q-compensated imaging conditions, time-dependent and time-independent. We show that the timeindependent cross-correlation imaging condition can be formulated as a normalization scheme which approximates the inverse of the wave-equation Hessian, and therefore can also be used for preconditioning LSRTM. We use three synthetic examples to test the accuracy of the proposed method in application to modeling and imaging in attenuating media.
THEORY

Q-compensated RTM in viscoacoustic media
Based on the constant-Q model, in which the attenuation coefficient is linear with frequency (Kjartansson, 1979), Zhu and Harris (2014) derived an approximate constant-Q wave equation with decoupled fractional Laplacians:
where P(x,t) is the pressure wavefield, γ is a dimensionless parameter that relates to the inverse of the quality factor Q,
and c 0 (x) is the velocity model defined at a reference frequency ω 0 . When Q is finite, the wave equation involves fractional powers of the Laplacian operator.
The merit of equation 1 is that the β 1 and β 2 terms separately govern the velocity dispersion and amplitude loss phenomena of seismic attenuation (Zhu and Harris, 2014) . Different combinations of the parameters and their corresponding effects to wave propagation are summarized in Table 1 . Note that, for attenuation compensation during backward propagation, the sign of β 1 must be kept unchanged to counteract the dispersion effects. Equation 1 can be accurately solved by the lowrank onestep wave extrapolation method (Sun and Fomel, 2013; Sun et al., 2014) . Zhu et al. (2014) and Sun et al. (2014) applied the Q-compensated operator to both source and receiver wavefield extrapolation to implement Q-RTM. The cross-correlation imaging condition in acoustic media can be expressed as (Claerbout, 1985) I
where S i (x,t) is the source wavefield, R i (x,t) is the receiver wavefield and i is the shot number. The superscript * denotes complex conjugate in the case of a complex-valued wavefield, required by the lowrank one-step method (Sun and Fomel, 2013) . The summation is performed over all the time and shot locations. For viscoacoustic media with a homogeneous attenuation factor α, the receiver wavefield calculated by backward propagating the attenuated data carries an amplitude loss factor accumulated along the entire wavepath, which can be represented symbolically as
where L D denotes the down-going wavepath and L U denotes the up-going wavepath. Q-RTM seeks to achieve the following Q-compensated imaging condition:
The Q-compensated image gets corrected for the amplitude loss in the data, and therefore is better illuminated. However, the straightforward implementation of equation 8 relies on the use of the Q-compensated wave extrapolation operator, which contains an exponentially growing term that amplifies the wavefield at each time step. In practice such an operator is prone to numerical stablity issues due to the fast growing highfrequency components, and thus requires low-pass filtering to stabilize the process. The artificial removal of high-frequency components may introduce inaccuracy and artifacts into the propagating wavefield as well as the final image.
Stable Q-compensated operator An examination of the options listed in Table 1 suggests that, to compensate for attenuation, we can combine two stable operators, namely the velocity-dispersion-only wave extrapolation operator and viscoacoustic wave extrapolation operator. Both operators compensate for velocity dispersion but not amplitude loss. By performing wave propagation twice, a proper compensation operator can be computed by taking the stable division between the two wavefields:
where P d (x,t) represents the velocity-dispersion-only wavefield, P v (x,t) represents the viscoacoustic wavefield and angle brackets denote smoothing. Parameter ε is used as a damping factor to stabilize the division. The Q-compensated wavefield can thus be formed then as
where P c (x,t) is the resulting Q-compensated wavefield.
To better control stability in the division (equation 9), we perform smooth division by shaping regularization (Fomel, 2007a,b) :
where S is a smoothing operator, P v and P d are diagonal matrices, and λ = P v 2 .
Stable Q-compensated imaging condition
We propose the following algorithm as a stable implementation of Q-compensated RTM:
1. Compute the source compensation operator A s i (x,t) and apply it on the dispersion-only source wavefield.
2. Compute the receiver compensation operator A r i (x,t) and apply it on the dispersion-only receiver wavefield.
3. Apply the following weighted time-dependent cross-correlation imaging condition:
where the source wavefield S d i (x,t) and receiver wavefield R d i (x,t) are computed by the velocity-dispersion-only operator.
Alternatively, the image weights can be calculated outside of the summation over time. This means instead of calculating and applying the Q compensation operators A s i (x,t) and A r i (x,t) prior to imaging, we can separately perform two RTMs using the velocity-dispersion-only wave equation and viscoacoustic wave equation respectively, and then compute an image weighting function W (x) by smoothly dividing I d (x) and I v (x,t), where I d (x) is the image produced by velocity-dispersion-only RTM and I v (x) is the image produced by viscoacoustic RTM. The Q-compensated image can then be calculated as:
Equation 13 is time independent and easier to implement, because the compensating operator is now in the model space.
The smooth division approach to image compensation is reminiscent of the illumination-based diagonal normalization scheme (Rickett, 2003; Symes, 2008) . Thanks to the convenience of a velocity-dispersion-only modeling operator, our weighting function is inexpensive to compute. It can be used as an efficient preconditioner for LSRTM in attenuating media (Sun et al., 2015) .
The computational cost of the proposed operators are effectively 2 RTMs. Curiously, this cost can be further reduced to 1.5 RTMs by employing a deconvolution imaging condition:
The corresponding imaging condition with receiver illumination is:
Equation 14 is time dependent while equation 15 is time independent. Both equations 14 and 15 does not require the computation of the source wavefield using the velocity-dispersiononly operator, saving 25 percent of the cost.
NUMERICAL EXAMPLES
In the following examples, we focus on testing the cross-correlation imaging conditions (equation 12 and 13).
Simple three-layer model
In the first example, we use a simple three-layer model with a rectangular Q model (Figure 1 ). The second reflector locates within the attenuation zone. The image calculated using data without attenuation shows both reflectors clearly (Figure 2a) . For viscoacoustic data, if we don't compensate for amplitude loss, the image will suffer from poor illumination at the second reflector (Figure 2b ). Both the time-dependent imaging condition (equation 12) and time-independent imaging condition (equation 13) successfully recover the reflector amplitude (Figures 2c and 2d) . Figure 3 shows the vertical and horizontal slices through the second reflector. The time-dependent imaging condition recovers the reflector amplitude almost perfectly (blue lines), while the time-independent imaging condition produces a slightly lower amplitude (cyan lines).
Figure 4: Snapshots of source wavefield, receiver wavefield and cross-correlation imaging condition obtained by different operators at t = 0.61s: (a)-(c) the dispersion-only operator using attenuated data; (d)-(f) the stable Q-compensated operator (IC1) using attenuated data; (g)-(i) the acoustic operator using data without attenuation as a reference. applied to viscoacoustic data without compensating for amplitude loss, the resulting image suffers from poor illumination (Figure 6d ). In contrast, both of the proposed cross-correlation imaging conditions are capable of properly recovering image amplitudes (Figures 6e and 6f) . For a trace-by-trace comparison at X = 2475 m, we can observe that both imaging conditions produce accurate image amplitude and phase ( Figure 5 ).
BP gas cloud model
CONCLUSIONS
We have introduced a stable operator for attenuation compensation in viscoacoustic media. We propose new imaging conditions for stable Q-compensation in RTM, at the cost of 1.5 to 2 conventional RTMs. Using numerical examples, we demonstrate that the proposed cross-correlation imaging conditions are capable of accurately and stably recovering the image amplitude loss caused by attenuation in the model.
